This paper investigates the performance of joint delay-Doppler estimation with random stepped-frequency (RSF) signals. Applying the ambiguity function (AF) to implement the estimation, we derive the theoretical mean square errors (MSEs) of time delay and Doppler-stretch under high signalto-noise ratios (SNRs). It is shown that the performance of delay estimation can be improved mainly by increasing the bandwidth covered by the carrier frequencies, while better performance of Doppler estimation requires higher central carrier frequency. The selection of frequency shifting patterns also impacts the performance of delay estimation.
I. INTRODUCTION
The Random stepped-frequency (RSF) signal has been widely adopted in modern wideband radar systems. Since its carrier frequencies are randomly distributed over a given bandwidth, the range ambiguity can be efficiently suppressed [1] . Compared to the linear stepped-frequency (LSF) signal which uses a fixed frequency shifting step, the RSF signal constructs a "thumbtack" alike ambiguity function (AF) with its inherent characteristics, preventing the radar systems from suffering the range-Doppler coupling problem [2] . Besides, as the frequency shifting codeword of the RSF signal is usually highly self-correlated and is hard to track, the interference between adjacent radars can be largely reduced and electronic counter-countermeasure (ECCM) capabilities can be acquired [3] . Due to these reasons, parameter estimation with the RSF signals is of great practical significance and is gaining increasing research interests.
The joint estimation of time delay and Doppler-stretch is a fundamental problem that facilitates target tracking and localization in radar systems, upon which the location and velocity information of the target is able to be attained [4] . In a standard method, time delay and Doppler-stretch can be jointly estimated by locating the peak of the AF [5] . Some works evaluated the performance of estimation by deriving the Cramer-Rao lower bounds (CRLBs) of the corresponding parameters, since they are regarded as the lower bounds for the variances of any unbiased estimation and are usually easy to calculate. The CRLBs for joint delay-Doppler estimation with known and unknown scattering coefficient of the target were derived in [5] and [6] , respectively. Nevertheless, the CRLBs are sometimes unreliable for accurately presenting the estimation performance, since they may not always be achievable by the practical estimators. By directly calculating the theoretical mean square errors (MSEs), the estimation performance can straightforwardly revealed. However, closed forms of the MSEs are usually difficult to obtain. The MSEs of the AF-based estimation were calculated in [5] , whereas a correction followed in [7] . However, too many approximations were made in both works, leading to inaccuracy of the results.
In this paper, we investigate the performance of the AFbased joint delay-Doppler estimation with the RSF signals. Under high signal-to-noise ratio (SNR) assumption, the theoretical MSEs of time delay and Doppler-stretch are obtained through a novel and strict derivation. With the obtained MSEs, the major factors that influence the estimation performance are then explored. It is shown that by increasing the bandwidth covered by the carrier frequencies, the performance of delay estimation can be improved, whereas better performance of Doppler estimation calls for higher central carrier frequency. The selection of frequency shifting patterns is also discovered to have an impact on the performance of delay estimation.
The rest of the paper is organized as follows. Section II describes the model of the RSF signal and makes necessary preliminaries. Section III gives the main results of this paper. Section IV discusses the main factors that influence the estimation performance by numerical examples, followed by a conclusion in Section V.
II. MODELING AND PRELIMINARIES
Consider an RSF signal with K pulses. Let β(t) denote the real envelope of each pulse. The transmitted signal is then modeled as
where f k denotes the carrier frequency of the k-th pulse, and T r is the pulse repetition interval (PRI). Assume that the carrier frequency remains constant within each pulse and randomly shifts over the pulses within a given bandwidth.
Then the carrier frequencies can be represented as
where f 0 denotes the central carrier frequency, δ f is the minimum frequency shifting step, and d = [d 0 , d 1 , . . . , d K−1 ] T is the frequency shifting codeword, in which the code d k for each pulse is randomly selected from [−M, M ], where M ∈ N + . Suppose that a target is moving with a constant radial velocity v relative to the radar. The echo reflected from the moving target is then given by [5] s r (t) = xs(γ 0 (t − τ 0 )),
where x is the scattering coefficient of the target, accounting for the attenuation and reflection, τ 0 and γ 0 = c−v c+v denote the time delay and Doppler-stretch, respectively, in which c is the wave propagation velocity. The signal received by the radar is contaminated by a white Gaussian noise (WGN) w(t) with power spectral density N 0 . The received signal is thus expressed as
Sampling the received signal at the rate of 1/Δ and letting N denote the number of sampling points, we rewrite (4) into
A. Ambiguity Function
The AF
is generally applied to implement the joint delay-Doppler estimation [5] , [8] . As expressed by (7):
the estimations of time delay and Doppler-stretch (τ ,γ) can be jointly obtained by locating the peak of the AF [5] , [7] . Note that bothτ andγ are continuous random variables varying with σ. In addition, we assume
B. Preliminaries
For the ease of problem statement and derivations in the following sections, we make the necessary assumptions. Assumptions 2.1:
(1) The envelope of each pulse β(t) is time-limited within [0, T ], where T < Tr 2 . Note that Assumption 2.1-(1) implies that there is no overlap over the pulses within a transmitted signal.
(2) s ∈ C (2) (R), i.e. s : R → R has continuous derivatives up to order 2 inclusive.
(3)
(4) |A srs (τ, γ)| has the unique maximizer (τ 0 , γ 0 ), which holds almost surely if the sampling rate 1/Δ is greater than the bandwidth of s(t).
III. MAIN RESULTS
In this section, the main results of the paper are provided. We first evaluate the unbiasedness of the AF-based estimation. Under high SNRs, i.e. when σ is sufficiently small compared to the amplitude of the echo, we have Theorem 3.1: 1 For each > 0,
as σ → 0, respectively, where (x, y) 2 = x 2 + y 2 1 2 , and "x P −→ y" denotes that x converges to y in probability.
As dictated by Theorem 3.1, the estimations of time delay and Doppler-stretch respectively converge to their true values with the attenuation of the noise level, implying that the AFbased joint estimation is asymptotically unbiased when SNR is sufficiently large [9] .
Building on Theorem 3.1, we further explore the variances of the AF-based estimation. Upon defining
whereṡ(t) := d dt s(t), the theoretical MSEs of time delay and Doppler-stretch are formally given by Theorem 3.2: In the AF-based estimation, the theoretical MSEs of time delay and Doppler-stretch satisfy
where the approximate "≈" holds if β(t) = β(T − t). Proof: We start the proof for (11a) by focusing on the properties of |A ys (τ, γ)| 2 at its maximum point. Obviously, the partial derivatives of |A ys (τ, γ)| 2 with respect to τ and γ simultaneously reach zero at (τ ,γ) [5] , [7] , i.e.,
Letting A srs (τ, γ) := N −1 n=0 xs(γ 0 (nΔ − τ 0 ))s * (γ(nΔ − τ )) and A ns (τ, γ) := N −1 n=0 w(nΔ)s * (γ(nΔ − τ )), we have A ys (τ ,γ) = A srs (τ ,γ) + A ns (τ ,γ). Therefore, (12) can be reorganized as
where we define
Expand the right hand sides (RHSs) of (13) in Taylor series around (τ 0 , γ 0 ), respectively, i.e.,
where
and
Since |A srs (τ, γ)| 2 reaches its unique maximum at (τ 0 , γ 0 ) according to Assumption 2.1-(4), both Re{A * srs (τ 0 , γ 0 ) ∂ ∂τ A srs (τ 0 , γ 0 )} and Re{A * srs (τ 0 , γ 0 ) ∂ ∂γ A srs (τ 0 , γ 0 )} equal zero (we have directly excluded the two terms from (15)). Then we convert (15) into the following forms:
With MSE employed to evaluate the performance of estimation, (17) readily turns into
For each equation in (19), we calculate the limits of both sides as σ → 0 and eventually obtain the MSEs of time delay and Doppler-stretch as given by (11a) 2 . Next we prove (11b). Substituting (1) into D and E, and utilizing the symmetry property of the envelope, i.e. β(t) = β(T − t), we have
Therefore, (11a) is readily simplified to (11b).
The MSEs given by Theorem 3.2 are represented with integrations, corresponding to the case where the sampling rate is sufficiently large, i.e. Δ → 0, such that the summations can be substituted by integrations. Also note that since the symmetry property β(t) = β(T − t) is usually satisfied by radar signals, (11b) is applicable to accurately describing the performance of the AF-based estimation.
With the theoretical MSEs obtained, we investigate the main factors that influence the performance of estimation with RSF signals by simulations (in Section IV). Summarily, Remark 3.3:
i) By increasing the bandwidth covered by the carrier frequencies, the performance of delay estimation can be improved, while better performance of Doppler-stretch estimation calls for higher central carrier frequency.
ii) Within a given bandwidth covered by the carrier frequencies, the Dumbell codeword (as designed in Section IV) outperforms the Costas codeword [10] in delay estimation, indicating that the selection of frequency shifting patterns also has an impact on the performance of delay estimation.
IV. NUMERICAL RESULTS
In this section, we conduct several simulations on the basis of the obtained theoretical MSEs, in order to figure out the main factors that influence the estimation performance.
Set the envelope of the RSF signal as
which not only attains a rectangle-like shape, but also satisfies all the assumptions in Section II-B. The SNR at the receiver is defined as SNR := 1 N0 ∞ −∞ |xs(γ 0 (t − τ 0 ))| 2 dt throughout the simulations [5] . 2 The detailed derivation for (11a) can be found in [11] . We first compare the MSEs of the AF-based estimation (7) with their theoretical counterparts (as obtained in Theorem 3.2). For each SNR value, we calculate the simulated and theoretical MSEs of 200 independent Monte Carlo simulations. In each trial, a Costas frequency shifting codeword is randomly generated from a set C = {−2.5, −1.5, −0.5, 0.5, 1.5, 2.5} [10] . The central carrier frequency f 0 and the minimum frequency shifting step δ f are set to 20 MHz and 2 MHz, respectively. The rest parameters of the simulation environment are configured in TABLE I. As depicted by Fig. 1 , when SNR ≥ 15 dB, the simulated MSEs of time delay and Doppler-stretch both perfectly converge to their theoretical counterparts, verifying the correctness of Theorem 3.2.
The estimation performances with different central carrier frequencies are then illustrated by Fig. 2 . δ f is fixed to 2 MHz, while f 0 is set to 20 MHz and 30 MHz, respectively. The Costas encoding strategy is still adopted for the RSF signal. Meanwhile, the estimation performances with a monotone signal are also evaluated for comparison, whose carrier frequency is fixed to f 0 . Explicitly, the performances of Doppler estimation with both signals are improved as f 0 shifts from 20 MHz to 30 MHz, whereas those of delay estimation almost remain unchanged. For each f 0 , the RSF signal always outperforms the monotone signal in delay estimation, leading by up to 15 dB of performance gain. As for Doppler estimation, however, the performances with the two signals are almost the same. In accordance to the above, the increment of central carrier frequency only makes sense for improving the performance of Doppler estimation.
Next, we investigate the relation between the estimation performance and the bandwidth covered by the carrier frequencies. With f 0 fixed to 20 MHz and δ f respectively set to 2 MHz and 4 MHz, the estimation performances with the Costas encoded RSF signal are shown by Fig. 3 . Under each SNR value, the MSE of time delay decreases with the increasing of δ f , while no significant variation is found in the MSEs of Doppler-stretch. Together with the revealings by the comparison against the monotone singal, we summarize that the increasing of the bandwidth covered by the carrier frequencies mainly improves the performance of delay estimation. Within a fixed bandwidth covered by the carrier frequencies, we lastly focus on the impact of different frequency shifting patterns. In addition to the Costas codeword as generated above, we also involve a Dumbbell codeword, with which only the lowest and the highest frequencies (i.e. f 0 − 2.5δ f and f 0 + 2.5δ f ) are used; see Fig. 3 . The Dumbell codeword always outperforms the Costas codeword in delay estimation, while the performances of Doppler estimation with the two codewords are almost the same. We say that the selection of different frequency shifting patterns leads to different performances of delay estimation.
V. CONCLUDING REMARKS
We investigated the performance of joint delay-Doppler estimation with RSF signals. The theoretical MSEs of the AFbased estimation were obtained. It has been shown that the performance of delay estimation can be improved mainly by increasing the bandwidth for the carrier frequencies, while better performance of Doppler-stretch estimation requires higher central carrier frequency. The selection of frequency shifting patterns also impacts the performance of delay estimation.
